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Dissipative solitons are self-localized structures resulting from a double balance between dispersion
and nonlinearity as well as dissipation and a driving force. They occur in a wide variety of fields
ranging from optics, hydrodynamics to chemistry and biology. Recently, significant interest has
focused on their temporal realization in driven optical microresonators, known as dissipative Kerr
solitons. They provide access to coherent, chip-scale optical frequency combs, which have already
been employed in optical metrology, data communication and spectroscopy. Such Kerr resonator
systems can exhibit numerous localized intracavity patterns and provide rich insights into nonlinear
dynamics. A particular class of solutions consists of breathing dissipative solitons, representing
pulses with oscillating amplitude and duration, for which no comprehensive understanding has been
presented to date. Here, we observe and study single and multiple breathing dissipative solitons in
two different microresonator platforms: crystalline MgF2 resonator and Si3N4 integrated microring.
We report a deterministic route to access the breathing state, which allowed for a detailed exploration
of the breathing dynamics. In particular, we establish the link between the breathing frequency and
two system control parameters – effective pump laser detuning and pump power. Using a fast
detection, we present a direct observation of the spatiotemporal dynamics of individual solitons,
revealing irregular oscillations and switching. An understanding of breathing solitons is not only of
fundamental interest concerning nonlinear systems close to critical transition, but also relevant for
applications to prevent breather-induced instabilities in soliton-based frequency combs.
I. INTRODUCTION
Dissipative solitons are localized solutions of the
damped driven nonlinear Schro¨dinger equation, occur-
ring in a wide variety of disciplines including plasma
physics, matter waves, optics, chemistry and biology [1].
Recently, the generation of temporal dissipative Kerr soli-
tons (DKS) through parametric conversion in optical mi-
croresonators [2] triggered a substantial interest. DKS
constitute a way to generate coherent optical frequency
combs with large repetition rates in the microwave do-
main, having a vast application potential. Indeed, they
have already been employed in a growing number of
proof-of-concept experiments, including coherent terabit
telecommunications [3], coherent receivers [4], dual-comb
spectroscopy [5] and for the realization of a microwave-to-
optical link via self-referencing [6, 7]. Furthermore, non-
linear microresonators appeared as a suitable platform to
study DKS properties and dynamics. Despite the appar-
ent simplicity of the system, microresonators can support
a rich variety of field patterns, as reported both in nu-
merical simulations [8–11] and in experiments [2, 12–14],
including bright dissipative Kerr solitons [2, 13, 14], dark
pulses [12], platicons [15], Turing patterns [16], or soliton
crystals [17]. Some of these localized patterns can ex-
hibit a rich panel of dynamical instabilities. In particular,
bright DKS can undergo breathing, i.e. a periodic varia-
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tion in their duration and amplitude [18–21]. Breathing
dissipative solitons are related to the Fermi-Pasta-Ulam
recurrence [20] – a paradoxical evolution of nonlinearly
coupled oscillators, that periodically return to the initial
state [22] – similar to Kuznetsov-Ma [23, 24] and Akhme-
diev breathers [25] in conservative nonlinear systems.
Breathing dissipative solitons were first demonstrated
in fiber cavities by Leo et al. [19]. However, the ex-
perimental observation of breathers in optical microres-
onators has posed a significant challenge, due to the non-
trivial soliton generation process [2, 14], the thermal non-
linearity that may impact the effective laser detuning
[26, 27], and high repetition rates (> 10 GHz) that make
direct time-resolved observations difficult. Two groups
have recently reported the observation of breathers in
microresonators [20, 21], where nevertheless, a variety of
open questions regarding the breathing regime accessi-
bility and its dynamics remains unexplored. In partic-
ular, the oscillation frequency (breathing frequency) has
been reported to vary significantly over different plat-
forms, but no clear relation between this key property
and the system parameters has emerged to date. Under-
standing the breather regime is not only of fundamental
interest, but a necessity for applications. The accurate
knowledge of the conditions for breather existence allows
the prevention of extreme events [28], ensuring a sta-
ble operation of DKS-based microresonator devices, and
avoiding excess noise induced by breathing [29].
Here, we present a comprehensive analysis of breath-
ing dissipative solitons in microresonators. First, we
demonstrate a deterministic route to access and char-
acterize breathing solitons in two microresonator plat-
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2forms: crystalline MgF2 whispering gallery mode res-
onator and Si3N4 integrated microresonators. Second,
through experimental and theoretical investigations, we
perform a detailed exploration of the breathing regime,
revealing a link between breathing frequency and the
driving laser parameters. Third, we map the breathers’
existence range and study its dependence on the pump
power. Fourth, we present for the first time to the best of
our knowledge, a time-resolved observation of the intra-
cavity pattern evolution in optical microresonators, that
reveals the non-stationary breathing dynamics and en-
ables to track the behavior of individual soliton pulses,
even with several solitons in the cavity.
II. RESULTS
Deterministic access to dissipative breathing soli-
tons. The nonlinear dynamics of optical field in con-
tinuous wave (CW)-laser-driven microresonators in the
presence of the Kerr nonlinearity can be very accurately
described using a system of nonlinear coupled mode equa-
tions [30, 31], demonstrating almost perfect correspon-
dence with experimental data [29]. This system of equa-
tions may be considered as a discrete Fourier transform
of the damped driven Nonlinear Schro¨dinger equation
(NLSE) [2]:
i
∂Ψ
∂τ
+
1
2
∂2Ψ
∂θ2
+ |Ψ|2Ψ = (−i+ ζ0)Ψ + if. (1)
Here Ψ(τ, φ) is the normalized intracavity waveform, θ is
the dimensionless longitudinal coordinate, and τ the nor-
malized time. Equation (1) is usually terme d in optics
as Lugiato-Lefever equation (LLE) [32], where a trans-
verse coordinate is used instead of a longitudinal one in
our case. The nonlinear dynamics of the system is deter-
mined by two parameters: the normalized pump power
f and detuning ζ0, defined as [2]:
f =
√
8gηPin
κ2~ω0
, ζ0 =
2δω
κ
, (2)
where κ denotes the loaded resonator linewidth (Q =
ω0/κ, loaded quality factor), η = κex/κ the coupling co-
efficient, Pin the pump power, ω0 the pumped resonance
frequency and δω = 2piδ = ω0−ωp is the detuning of the
pump laser from this resonance. The nonlinearity is de-
scribed via g = ~ω20cn2/n20Veff giving the Kerr frequency
shift per photon, with the effective refractive index n0,
nonlinear refractive index n2, and the effective optical
mode volume Veff .
A similar equation was first analyzed in plasma physics
[33, 34]. These early studies demonstrated that stable
soliton attractors exist within a certain range of effective
detuning in the red-detuned regime (ζ0 > 0). It was also
shown that, in addition to stable solitons, time-periodic
solitons (i.e. breathers) and chaotic states are possible
[8]. Extensive numerical analysis and charting of the pa-
rameter space of (1) [8–10, 19] revealed that the breath-
ing region is located close to the low-detuning boundary
of the soliton existence range. Theoretically the transi-
tion from stationary solitons to oscillating breathers re-
sults from a Hopf bifurcation that arises above certain
pump power level [19].
We suggest to apply the laser “backward tuning
method” [27] in order to deterministically access the
breathing regime in microresonators. Recently, a simi-
lar approach was independently employed in fiber cavities
[35]. First, in this approach, a stationary multiple soliton
state is excited by sweeping the continuous-wave (CW)
driving laser forward (toward longer wavelengths) over
the pumped resonance and stopping on the effectively
red-detuned side, where solitons are sustained [2]. Sec-
ond, the driving laser is tuned backward (toward shorter
wavelength), thus reducing the effective detuning. Due
to the microresonator thermal nonlinearity that lifts the
fundamental degeneracy of multiple soliton states, this
approach was shown to enable the reduction of the intra-
cavity soliton number, via successive switchings to states
with a smaller soliton number, thus enabling single soli-
ton access [27]. Figure 1a shows a simulation of this exci-
tation scheme in the Si3N4 microresonator, including the
thermal effects. Forward and backward tuning stages are
indicated with blue and red colors correspondingly. The
system experiences a series of consecutive switchings, as
reflected by the stair-like trace of the intracavity power.
We observed that the breathing regime is characterized
by oscillations in the intracavity power and occurs in the
vicinity of the switching points in each step (see inset in
Fig. 1a). Importantly, the breathing dynamics can be
unambiguously characterized only in the single soliton
state, where interactions among different solitons (in a
multiple soliton state) are avoided.
Experimental identification of breathing. We ex-
perimentally verified our approach in both platforms,
where breathing single soliton were generated using the
backward tuning method. Despite significant differences
in the resonators properties (Q factor, free spectral range
(FSR), material dispersion and nonlinearity, cf. Meth-
ods), both systems behave qualitatively similarly when
approaching and entering the breathing regime. Fig-
ures 1d,e show the experimental evolution of the gen-
erated light power of a single soliton in Si3N4 and MgF2
optical resonators when the backward tuning is applied.
The signal is obtained by detecting the out-coupled light,
after attenuation of the strong pump laser with a narrow
fiber Bragg grating notch filter. In both cases the sys-
tem evolved from a stationary DKS on the right of each
trace, to breathing DKS, and finally switched to a homo-
geneous background, without soliton. In both platforms,
reaching the breathing regime coincides with a progres-
sively increased amplitude noise of the generated light
power. A detailed measurement (with an increased sam-
pling rate) reveals that the power is oscillating, as shown
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FIG. 1. Experimental observation of breathing solitons in Si3N4 and MgF2 platforms (a) Simulation of the
intracavity power, showing the backward tuning method for the excitation of breathing DKS . The generation of a stable
multiple soliton state is achieved using forward tuning of the pump laser (blue curve). The backward tuning is applied next
(red curve), which enables reaching the low-detuning boundary of the soliton existence range, where the breathing regime
(increased noise) and switching effect (step features) occur. The inset details the single soliton breathing and switching. The
blue area corresponds to the region where modulation instability occurs, the green marks stationary DKS states and the red area
indicates breathing. (b) Experimental optical spectra of a stationary (blue) and breathing soliton states (red), in the 14 GHz
FSR MgF2 crystalline resonator. The effective detuning δ is varied by 0.5 MHz between the two states. (c) Oscillations of the
generated comb power in a breather state of the MgF2 optical resonator resolved with a fast photodiode and high sampling.
(d) Generated-light power evolution, for a single soliton state in the 100 GHz Si3N4 microresonator, when the pump is tuned
backward, showing the transition from stationary state to breathing and final decay. The inset shows an SEM image of the
used microresonator. (e) In the MgF2 crystalline resonator (inset), the comb light evolution features a similar behavior as in
(d), when tuning backward. (f, h) RF spectra of the generated light for a breathing (i, red) and stationary (ii, blue) soliton
state respectively in the Si3N4 and MgF2 resonators. In (f), the 0.4 GHz span is centered at 0.8 GHz, close to the fundamental
breathing frequency. (g, i) Repetition rate beatnote for a breathing (i, red) and stationary (ii, blue) soliton state in the Si3N4
and MgF2 resonators.
in Fig. 1c.
The oscillatory nature of the out-coupled pulse train
in the breathing state can also be characterized by mea-
suring the radio frequency (RF) spectrum. Figures 1f,h
show the low frequency RF spectra of the stationary and
breathing DKS in both optical resonator platforms, at
points marked in Fig. 1d,e. The stationary soliton state
(blue traces) corresponds to a low-noise state of the sys-
tem, while the breathing state reveals sharp peaks indi-
cating the fundamental breathing frequency and its har-
monics (red traces). For our systems, the breathing fre-
quencies were in the range of 0.5–1 GHz for Si3N4 mi-
croresonators (free spectral range (FSR) ∼ 100 GHz) and
1–4 MHz for MgF2 platform (FSR ∼ 14 GHz).
The breather regime can also be evidenced when mea-
suring the repetition rate beatnote. The oscillating pulse
4dynamics gives rise to additional sidebands around the
repetition rate, spaced by the breathing frequency (cf.
Figures 1g,i which compares stationary and breathing
states in both platforms).
Another characteristic signature of the breathing state
is observed in the optical spectrum. Figure 1b shows the
measured spectra of both stationary and breathing sin-
gle soliton based frequency combs, in a MgF2 resonator.
In the stationary state, the spectrum has a squared hy-
perbolic secant envelope corresponding to the station-
ary soliton solution, while in the breathing state, the
spectrum features a triangular envelope (on a logarith-
mic scale), resulting from the averaging of the oscillating
comb bandwidth, by the optical spectrum analyzer.
Breathing dissipative solitons dynamics. Having
established a deterministic access to breathers, we next
characterized the breathing dynamics. We use a Vector
Network Analyzer (VNA) to acquire the system’s transfer
function from pump phase modulation to the transmit-
ted power, which enables to determine the effective laser
detuning of the driven nonlinear system [27, 36]. In the
stationary soliton state, this transfer function exhibits
two resonances (red curve in Fig. 2c) that reflects the
bistable nature of the intracavity field (soliton and CW
background). The first one (C-resonance) corresponds to
the background Kerr-shifted cavity resonance, and indi-
cates the effective pump laser detuning δ with good ap-
proximation. The second one (S-resonance) corresponds
to a resonant response of the soliton to the pump mod-
ulation. It emerges at lower frequency, and is weakly
dependent on the pump laser detuning.
Figure 2 shows the evolution of a single soliton in a
MgF2 resonator while tuning backward from the station-
ary state (pump power of 200 mW). During the scan, the
system’s transfer function is monitored simultaneously
with the comb repetition rate beatnote and total comb
power. As the laser detuning is reduced, the C-resonance
consequently shifts to lower frequencies (Fig. 2a). In-
terestingly, both C- and S-resonances are also observed
in the comb beatnote measurement, appearing as fea-
tures on the background noise of the electronic spectrum
analyzer (dashed lines in Fig. 2b). We ascribe this ef-
fect to the transduction of laser input noise via the sys-
tems response (i.e. incoherent response which is iden-
tical to the probed coherent response). The transition
from stationary to breathing soliton occurs when the
C- and S-resonances separation is on the order of the
linewidth (κ/2pi), for a detuning δ ∼ 4 MHz. Afterward,
in the breathing region, strong sidebands at the soliton
breathing frequency and its harmonics emerge around
the beatnote. The sidebands move progressively closer
to the beatnote, revealing that the breathing frequency
decreases for smaller detuning. In the breathing state,
the transfer function (blue curve in Figure 2c) features
a strong sharp peak at the breathing frequency that ap-
pears in between the C and S-resonances. From this re-
sponse, the breathing frequency and the effective laser de-
tuning can thus be measured with a good precision. No-
tably, the S-resonance behavior is greatly modified in the
breathing domain as it shifts together with the breathing
frequency and detuning. We also observed that the tran-
sition into the breather regime is reversible by tuning the
laser forward (back into the stationary state).
Figures 2d–g show the detailed breathing dynamics
within the breathing region. In particular, the comb
power is measured in two ways. First, the global evolu-
tion is monitored continuously on a DC coupled photodi-
ode with a slow sampling of ∼ 100 kSa/s (Fig. 2e). Since
the breathing oscillations are faster than this sampling
rate, they appear as increased amplitude noise, which
can be quantified with the relative standard deviation
σ˜τ (t) = στ (t)/µτ (t), where στ and µτ are the local stan-
dard deviation and mean power level over τ = 1000 sam-
ples. Second, the fast dynamics resolving the intracavity
soliton is also recorded on a real-time oscilloscope with
120 GSa/s, but in short sequences spread over the scan.
The breathing pattern in each sequence is then recovered
by detecting the envelope of the resolved “pulse train”
and down sampled (Fig. 2g).
The breathing starts with a weak oscillation of the
soliton pulse train power (stage i, δ ∼ 4 MHz). This
corresponds to a single pair of weak sidebands on the
comb beatnote. For smaller detuning, the breathing be-
comes stronger, so that the first sidebands (fundamental
breathing frequency) increase, and breathing harmonics
emerge (stage ii) as the breathing pattern is not sinu-
soidal. At δ ∼ 3.3 MHz (stage iii) the system exhibits a
period doubling, which corresponds to the appearance of
sub-sidebands with frequency half of the initial breath-
ing frequency. At last, the breathing turns into strong
and irregular oscillations (stage iv, δ ∼ 2.9 MHz), ex-
hibiting sporadic transitions to period tripling. This co-
incides with a large increase in the noise pedestal around
the beatnote, although the fundamental breathing fre-
quency remains distinguishable. Finally, the soliton de-
cays quickly thereafter. Such transitions to higher pe-
riodicity, temporal chaos, and the collapse match the
predicted evolution from numerical studies of the LLE
[9, 19].
The combined effect of increased modulation depth
and reduced breathing frequency is reminiscent of a
typical characteristic of complex dynamical systems ap-
proaching critical transitions [37, 38]. Early warning sig-
nals in the form of a variance increase and a critical slow-
ing down have been reported in a wide variety of systems
approaching a tipping point, ranging from lasers near
threshold to entire ecosystems and the climate [39–41].
We next studied the breathing frequency as a function
of laser detuning at various pump powers, for a single soli-
ton state in the MgF2 resonator. The backward tuning
over the breathing region was repeated for different pump
power levels, and the breathing frequency was measured
as a function of effective laser detuning (Fig. 3a) using the
system’s transfer function. The detuning dependence is
close to linear: fb ≈ 1.23 δ + f0b , where fb is the breath-
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FIG. 2. Evolution of the breathing dynamics of a single soliton in backward tuning in the MgF2 resonator (a)
Map of concatenated Vector Network Analyzer (VNA) traces showing the evolution of the modulation response (log scale) from
stationary soliton on the right of the time axis to breathing and decay on the left (the time origin t = 0 s, is set at the soliton
decay). As the laser is tuned toward shorter wavelength, the effective detuning (C-resonance) is reduced. The breathing starts
typically when the C- and S-resonances separation is on the order of the resonator linewidth. (b) Corresponding spectrum of
the comb repetition rate heterodyne beatnote. The modulation response measured on the VNA is also visible in the noise of
the RF beatnote spectrum (the dotted lines correspond to the C- and S-frequencies determined on the VNA). The breathing is
indicated by the formation of sidebands around the repetition rate beat. As the detuning is reduced, the breathing frequency
decreases until the soliton is lost. (c) Recorded modulation response in the state of a breathing and stationary soliton (linear
scale). (d) Close-in spectrogram of the repetition rate beat within the breathing region and (e) Corresponding generated comb
light evolution. The inset shows the evolution of the relative standard deviation. (f) Repetition rate beat spectra in the various
breathing stages highlighted in (d,e). (g) Recording of generated light power oscillations at the points highlighted in (d,e).
ing frequency and δ indicates the effective laser detun-
ing. The offset f0b is observed to decrease with the pump
power. We performed numerical simulations based on the
LLE, and obtained an almost identical result matching
both qualitatively and quantitatively (Fig. 3a). A direct
linear relation between the breathing frequency and the
detuning is also suggested by the approximate breather
expression we derived analytically (see Methods).
Breathing region. We experimentally studied and
mapped the stability chart of DKS solitons in the two-
parameter space (pump power Pin and effective detuning
δ) of the CW-pumped microresonator system [42–44]. A
stationary single soliton was generated using the back-
ward tuning method at different pump powers, and grad-
ually tuned across the breathing region until its decay.
The white circles in Fig. 3b mark the operating points
(Pin, δ) thus accessed experimentally. The color-coded
vertical line around each circle indicates the relative stan-
dard deviation of the output power measured at the cor-
responding point and directly relates to the breathing
amplitude. The results reveal a pump power dependency
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of the breathing region, which location shifts towards
higher effective detuning values and range slightly re-
duces, as the pump power increases.
We compared our experimental results to LLE-based
simulations (see Methods for details). The resulting
types of intracavity field attractors at various operat-
ing point are labeled via the background color-coding
in Fig. 3b: CW-state (white color), where the soliton
decays to the homogeneous background; chaotic mod-
ulation instability state (blue); stationary soliton state
(green); and breathing soliton state (red). The exper-
imentally accessed stationary and breathing states are
well within the corresponding areas predicted by the sim-
ulations. The mismatch between experimental results
and simulations for the low-detuning boundary can be
attributed to the deviations between the measured de-
tuning values and the true δ that differ at low-detuning
due to the higher background [27]. The highly unstable
and short lived breather in this region makes it harder to
resolve. Finally, high-order dispersion and nonlinear ef-
fects (e.g. Raman scattering, avoided mode crossings and
third order dispersion) were not-included for simplicity
in the simulations, but are present in the real microres-
onator system.
Furthermore, as noted earlier, the breathing emerges
when the C-resonance is tuned close to the S-resonance,
and their separation is on the order of the resonator
linewidth. Therefore the S-resonance frequency provides
an estimate for the detuning value of the upper boundary
of the breathing region (Hopf bifurcation). Experimen-
tally, we monitor the S-resonance frequency as the pump
power is raised, while stabilizing the laser detuning (C-
resonance frequency) to a constant value in the station-
ary soliton state [29]. Figure 3c reports the evolution of
the S-resonance frequency with the pump power for the
MgF2 resonator, whose smaller linewidth produces nar-
rower resonance peaks in the transfer function that are
easily resolved. The obtained relation fits to a parabolic
dependence and matches the Hopf boundary retrieved
from simulations with a frequency offset that does not
exceed twice the linewidth, showing that the breathing
region can be identified even from the stationary state.
Real-time observation of breathers. The soliton dy-
namics in the microresonator is studied further in the
time domain by measuring the 14 GHz soliton pulse train
coupled out of the MgF2 resonator. The generated light
is amplified and detected on a fast photodiode (70 GHz
bandwidth) connected to a real-time oscilloscope with
45 GHz analog bandwidth (sampling rate 120 GSa/s).
We note that so far, the real time sampling of successive
solitons in microresonators had not been attained due
to the required high sampling bandwidth. The present
configuration allows for the measurement of ∼ 9 samples
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FIG. 4. Direct observation of DKS dynamics (a) Experimental setup. Erbium doped fibre amplifier (EDFA) ; Photodiode
(PD). (b) Photodiode response. The red dots mark the original sampling over a single roundtrip period (RT). With 9 points per
period, the pulse amplitude cannot be accurately resolved. This problem is solved by aggregating 100 roundtrips to increase
the effective sampling rate and retrieve the impulse response to a single soliton. (c) Single soliton pulse train, containing
3.5 × 105 roundtrips. The inset shown a short section of the trace, where individual pulses can be coarsely located. (d).
Dividing the trace in groups of 100 aggregated roundtrips, and stacking reveals the spatiotemporal evolution of the soliton.
The soliton position and amplitude is fixed as the soliton is stable. In this map, the colormap is set to remove the ripples of the
photodiode response. (e) Single breathing soliton pulse train. (f) Applying the same procedure as in (d) reveals the oscillating
pulse amplitude while its position remains stable. (g) Spatiotemporal evolution of a breathing two-solitons state undergoing a
transition to a breathing single-soliton state (‘switching’). The insets h-j show the evolution of the amplitude of each soliton.
(h) Traces showing a pi/2 phase difference between the breathing oscillations of the solitons. (i) Unstable breathing, after
which the quadrature relation is restored. (j) Collapse of one soliton, while the other ‘survives’ and remains in the breathing
region.
per roundtrip and enable a coarse localization of the soli-
ton pulse within one roundtrip as shown in Figure 4b,c.
Since we observe that the soliton breathing dynamics
evolves over a large number of roundtrips (> 1000), we
aggregate together the samples contained in segments of
100 roundtrips, to achieve an effectively larger sampling
rate. This produces smoother traces, revealing the im-
pulse response of the acquisition system (matching with
the photodiode response), where especially the instan-
taneous soliton peak amplitude can be reliably retrieved
(Fig. 4b). Longer traces (Fig. 4c,e) that measure the evo-
lution over a large number of roundtrips are divided in
100-roundtrips segments, aggregated and stacked. This
facilitates the visualization of a spatiotemporal evolution
of the soliton amplitude and intracavity position in the
rotating frame.
We first benchmarked our measurement procedure in
the single soliton state. At a pump power of 230 mW
and for the effective laser detuning ∼ 10 MHz, the soli-
ton is stationary as expected, with a constant amplitude
(Fig. 4d). For a smaller detuning ∼ 3.5 MHz, the breath-
ing soliton is generated, and the time trace reveals the
8oscillatory envelope of the soliton amplitude (Fig. 4e).
In the rotating frame, this leaves a dotted pattern at the
breathing period (Fig. 4f), where the breathing frequency
is ∼ 3.4 MHz corresponding to 4145 roundtrips.
The fast recording on the real-time oscilloscope also
enables to delineate the breathing dynamics of individ-
ual pulses in a multiple soliton state. Figure 4g shows the
evolution of a breathing two-solitons state, during a back-
ward tuning around δ ∼ 2.1 MHz. The state experiences
a switching [27], where one soliton decays and the other
survives. Furthermore, in this small detuning condition,
the breathing is typically irregular and might be locally
identified as period doubling or tripling, as reflected on
the traces (Fig. 4g–j). The measurement reveals that the
two solitons breathe overall at the same frequency, but
are not in phase. In the present case, there seems to exist
a preferred phase relation of ∼ pi/2. Even if the breathing
is irregular and the phase relation can be locally altered
as shown in Fig. 4i, the relative phases seem to quickly
recover this relation. Such behavior has been predicted
by Turaev et al. [45], showing that the longer interaction
length of breathing soliton can lead them to form bound
states with a specific inter-distance and breathing phase
relation. A quadrature breathing should correspond to
a comparatively large soliton separation, which matches
with the above case as the pulse are separated by more
than the photodiode response time.
III. DISCUSSIONS
We have experimentally demonstrated the formation
of breathing dissipative solitons in two distinct microres-
onator platforms – MgF2 crystalline resonator and pho-
tonic chip Si3N4 microresonator – having different char-
acteristics, which validates the universal nature of our
observations. We demonstrated a laser tuning method
which enables a reliable access to soliton breathing. Typ-
ical signatures of breathing solitons, including a periodic
varying soliton peak intensity and a triangular spectral
envelope are observed. Moreover, we presented a direct
time-resolved observation of dissipative Kerr solitons in
microresonators, revealing the breathing dynamics of in-
dividual solitons in both single and multiple breathing
soliton states. Such measurements unambiguously re-
veal the transition to higher breathing periodicity and
more chaotic type of behavior. By monitoring the laser
detuning of the driven nonlinear system, we were able
for the first time, to experimentally measure the breath-
ing frequency and its dependence on the laser detuning.
These studies evidenced a linear relation, which agrees re-
markably well with numerical simulations, and provides
further insights into this breathing parameter. Further-
more, the experimental mapping of the transition bound-
ary from stationary state to breathing state, reveals a
parabolic-like relation between the pump power and the
detuning, which also matches numerical simulations. In
the context of low-noise operation of soliton-based mi-
croresonator frequency combs, breathing degrades the
soliton stability, and should be generally avoided. Our
results provide useful diagnosis tools to determine the
breathing boundary, even from the stationary soliton
state. These findings not only carry importance from an
application perspective, but also contribute more broadly
to the fundamental understanding of dissipative soliton
physics. Our observations further highlight the suitabil-
ity of the microresonator platform for the study of non-
linear dynamics, especially for accessing high normalized
driving values. In the present case, the remarkable agree-
ment between the numerical simulations and experimen-
tal observations validates the relevance of the numerical
models, even in such cases of non-stationary and chaotic
dynamics.
METHODS
Optical resonators: Si3N4 integrated microring res-
onators with the free spectral range (FSR) of ∼ 100 GHz
and Q-factors∼ 106 (linewidth κ2pi = 150−200 MHz) was
fabricated using the Photonic Damascene process [46]. In
order to achieve the single mode operation and suppress
the effect of avoided mode crossings, a “filtering section”
was added to the microresonator [47, 48]. The resonators
dispersion parameters – D22pi = 2 MHz,
D3
2pi = O(1 kHz) –
were measured using the frequency comb assisted laser
spectroscopy method [49] (the resonance frequencies near
ω0 are expressed in a series ωµ = ω0 +
∑
i≥1Diµ
i/i!,
where i ∈ N, µ ∈ Z is the mode number). The wavelength
of CW pump laser in experiments was set at 1553 nm,
the pump power varied from 1 to 4 W.
The MgF2 crystalline resonator with FSR
D1
2pi =
14.094 GHz was fabricated by diamond turning of a
cylindrical blank. The high Q-factor of ∼ 109 (intrinsic
linewidth κ02pi = 80 kHz, intrinsic finesse F ∼ 1.7 × 105)
was achieved with subsequent hand polishing. The dis-
persion parameters at the pump wavelength of 1553 nm
are: D22pi = 1.96 kHz,
D3
2pi = O(1 Hz). The pump laser
(fiber laser, wavelength 1553 nm; short-term linewidth
10 kHz) is amplified between ∼ 20 and 450 mW and
evanescently coupled to the resonator with a tapered
optical fiber, which enables a tuning of the coupling.
The loaded linewidth κ is retrieved by measuring the C-
resonance linewidth in the VNA trace (when no solitons
are present in the cavity), the associated coupling coeffi-
cient η = κex/κ = (κ− κ0)/κ was measured in the range
0.45 to 0.62.
Numerical simulations: Numerical simulation based
on the LLE were implemented in order to study
breathers. For the MgF2 resonator, the simulations are
performed using periodic boundary conditions with 1024
discretization points (1024 modes). The simulation of
the breathing frequency as a function of the control pa-
rameters is carried as follow: The operating parameters
(pump power and the laser detuning) are fixed and the
9intracavity field is initiated with a single (stationary)
soliton ansatz [2]. The simulation of the soliton evolu-
tion is then carried over 15 photon lifetimes (2pi/κ) and
the breathing dynamics analysis is carried over the fi-
nal 2/3 time range, where the stationary soliton ansatz
is converged to system’s inherent breathing state. The
oscillation frequency is determined via spectral analysis
and plotted in Fig. 3a. The simulations of the stability
chart of the Si3N4 microresonator presented in Fig. 3b
were performed with 512 modes. Using hard excitation
scheme, stationary DKS were seeded at fixed input pow-
ers and large detunings. Then the laser detuning was
reduced step by step to map over the chart. In each
step, the intracavity field pattern is characterized after
∼ 5000-roundtrips to exclude early-stage transient for-
mations. In simulations for both MgF2 and Si3N4 mi-
croresonators, we identified intracavity states of single
stationary soliton state, breathing soliton state, chaotic
state in the operation regime of modulation instability
(MI) and state where intracavity field decays leaving only
the cw background, showing in color-codings in Fig. 3b,c.
Approximate breather ansatz: We develop an ap-
proximate breather solution for the LLE (1), that allows
to inspect the relation of the breathing regime parame-
ters to the pump power and the effective detuning. It
is known that an approximate stationary solution of the
LLE for positive ζ0 (i.e. for the pump laser being effec-
tively red detuned) may be found as a sum of the soliton
and a background:
Ψ(θ) ≈ ΨC + ΨS(θ)eiφ0 , (3)
here Ψ(θ) is the intracavity waveform, θ = φ
√
1
2d2
is
the dimensionless longitudinal coordinate, φ is the co-
rotating angular coordinate of the resonator and d2 =
D2/κ is the dimensionless dispersion. ΨC ≈ −if/ζ0 rep-
resents the constant solution of (1) (background), while
ΨS = B sech(Bθ) is the exact stationary conservative
soliton solution of (1) (without loss nor drive), with
B =
√
2ζ0. The phase φ0 may be found by perturba-
tion methods [50] from cosφ0 = 2B/pif .
The exact Kuznetsov-Ma breather [23, 24] solution of
(1) without loss and pump can be employed to derive an
approximate ansatz for dissipative breathing solitons:
ΨS(θ, τ) =
(
K1 cos Ωτ + iK2 sin Ωτ
coshBθ −K3 cos Ωτ − 
)
eiK4τ
Ω =
B
2
√
B2 + 42
K1 =
B2√
B2 + 42
K2 = B
K3 =
2√
B2 + 42
K4 = 
2 − ζ0 (4)
If the time dependent part of the background  is small
then leaving only terms up to the first order on → 0 we
arrive at:
ΨS(θ, τ) = Bsech(Bθ) + 2 cos(ζ0t)sech2(Bθ)− e−iζ0t
(5)
We notice, that for  = 0 this breather converges to a
simple stationary soliton, and for small  the oscillation
frequency of both the background and soliton itself sim-
ply coincides with the laser detuning.
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